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Abstract 

In this short note, we prove the supersymmetric Kawai-Lewellen-Tye (KLT) relations 
between N = 8 supergravity (SUGRA) and N - 4 super Yang-Mills (SYM) tree-level 
<**> f amplitudes in the frame of S-matrix program, especially we do not use string theory 

or the explicit Lagrangian form of corresponding theories. Our supersymmetric KLT 
relations naturally unify the non-supersymmetric KLT relations and newly discovered 
gauge theory identities and produce more identities for amplitudes involving scalars 
and fermions. We point out also that these newly discovered identities can be used to 
reduce helicity basis from (n - 3)! further down. 
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^D ' 1. Introduction 

f— ^ ■ S-matrix program yj] is a program to study properties of quantum field theory based 

on some general principles, like the Lorentz invariance, Locality, Causality, Gauge 
symmetry as well as Analytic property. Because it does not use specific information 
like Lagrangian, result obtained by this method is quite general. Also exactly because 
its generality with very few assumptions, study along this line is very challenging. 

r> \ There are three important progresses in the frame of S-matrix program worth to 

mention. The first one is the unitarity cut method proposed in [2], where on-shell tree 
amplitudes have been used for calculations of loop amplitudes without drawing man 
many Feynman diagrams. The second one is the BCFW on-shell recursion relations 
|4J. The derivation of BCFW relations beautifully demonstrates the idea of S-matrix 
program. It relies only on basic analytic properties of the tree-level amplitude: the 
single pole structure and the factorization property when a propagator reaches its mass- 
shell. Then using the familiar complex analysis the whole amplitude can be uniquely 
fixed if there are no boundary contributions^. 



'The boundary behavior is one important subject to study. In [5], background field method has been 
applied to the study. In |6], the situation with nonzero boundary contributions has also been discussed. It 
will be interesting to study the boundary behavior in the frame of S-matrix program. 
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Based on the BCFW recursion relations, the third beautiful work along the line of 
S-matrix program is given by Benincasa and Cachazo [7]. In the paper, by assum- 
ing the applicability of BCFW recursion relations for four-particle amplitudes, they 
have easily re-derived many well-known (but difficult to prove) fundamental facts in 
S-matrix program, such as the non-Abelian structure for gauge theory and all matters 
couple to gravity with same coupling constant. Given the non-Abelian structure, the 
applicability of BCFW recursion relations has been proved, using purely S-matrix ar- 
gument, for gauge theory amplitudes with arbitrary number of particles [8]. 

One important observation in |7] is that three point amplitude (on-shell) of any 
theory is uniquely fixed by the Lorentz invariance and the spin of external particles. 
For example, the three gluon amplitudes are given by 

A 3 (r,2-,3 + )= <1|2) , A 3 (l + ,2 + ,3~) = [1|2] , (1) 

<2|3> <3|1> [2|3][3|1] 

while the three graviton amplitude is given by 

M 3 (1,2,3) = A 3 (1,2,3) 2 . (2) 

Another result determined by Lorentz invariance and spin symmetry is 

A 3 (1,2,3 + )A 3 (1,2,31=0. (3) 

It is worth to emphasize that the vanishing of (0) is because for three massless particles, 
on-shell condition requires either (1|2) ~ <2|3> ~ <3|1> = or [1|2] ~ [2|3] ~ [3|1] = 0. 
For three gluons, no matter which helicity configuration it is, we will always have 
2ji=i,2,3 h ^ 0, thus amplitude will contain either ( | ) or [ | ] depending on the sum of 
helicities to be negative or positive. If the sum of helicities is zero 2;=i,2,3 hi - 0, the 
situation is very tricky and systematic exploration of this particular case is still missing. 

The idea of [7] has intrigued several important works in last few months. Star- 
ing form the antisymmetry of (Q]i plus the validity of BCFW recursion relations, four 
important properties of color-ordered gluon amplitudes have been proved in the frame 
of S-matrix program in [9]. They are color-ordered reversed relations, f/(l)-decoupling 
relations, Kleiss-Kuijf relations MlOll and Bern-Carrasco-Johansson(BCJ) relations [ 1 1 IS 
In their proof, there are no need for those inputs, such as Lagrangian definition and 
string theory. In other words, it is possible to have a deformed Yang-Mills Lagrangian 
and same results will hold as long as the BCFW recursion relations can be applieqj. 

Using similar ideas, based only on observations (f2]l and (0, as well as the validity 
of BCFW recursion relations for graviton amplitudes Ilia |5|], new form of Kawai- 
Lewellen-Tye type relations 111711 and new gauge amplitude identities have been found 



and proved in 1 18, 19]. Again, in the proof, it is no need for input, such as Einstein 



Lagrangian or string theory. The BCJ relations are used in the proof, but since BCJ 



2 The BCJ relations have also been proved in string theory 113.11311 - 

3 The BCJ relations have also been generalized to include the matter and to the N = 4 supersymmetric 
theory in [14, 15] along the same line. 



relations have been proved in the frame of S-matrix, results obtained in IllSi Il9ll are 
nicely fit in the S-matrix program. 

In this short note, we will generalize the result in Ilia, Il9ll to the case of N — 8 



SUGRA. Especially we will show that the KLT relations and the new gauge theory 
identities can be unified into the N — 8 KLT relations. With this unified form we can 
get even more identities involving scalars and fermions. We want to emphasize that 
although the TV = 8 KLT relations have been discussed in [20], our study in this note 
is in the frame of S-matrix program, i.e., we do not use the string theory to derive the 
N — 8 KLT relations. Instead, we start from the three point amplitude of N — 8 
SUGRA and use BCFW recursion relations to derive and prove general N — 8 KLT 
relations purely from the point of view of field theory. 

The plan of the note is the following. In section two, we write down and prove the 
supersymmetric KLT relations between N — 8 SUGRA and N — 4 SYM. In section 
three, we discuss how the new supersymmetric KLT relations can be used to produce 
many new identities for helicity amplitudes. In section four, we give a brief summary 
and some discussions. 



2. BCFW proof of KLT relations for N = 8 SUGRA 

One basic property of supersymmetric field theory is that different fields are grouped 
into a supermultiplet. With such grouping, the type and the helicity of fields are rep- 
resented by the expansion of a superfield in terms of supersymmetry Grassmann vari- 
ables rf where A - l,..,N and TV is the number of total supersymmetries, thus there 
is S U(N) ^-symmetry with 2 N on-shell states. For example, the on-shell N — 4 su- 



perfield is given by [21, 22] 



4>Cp, rf) = G\p)+i 1 a F:{p)+^r 1 a i 1 b S al Ap)+j [ e ahcd i 1 b r 1 c i 1 d F a Sp)+^ 

(4) 
where a,b,c,d= 1,2,3,4 and it contains following 2 4 = 16 components: one positive- 
helicity gluon G + , four positive-helicity fermions F+, six scalars S a t which satisfy 
self-duality condition S ab - e abcd S c d/2, four negative-helicity fermions Ft, and finally 
one negative-helicity gluon G . Similarly all 256 helicity states in N — 8 SUGRA 
are unified in a superfield, which depend on Grassmann variables rf with the S £/(8) 
/^-symmetry index A - 1,...,8. 

It is a well-known fact that states of N — 8 theory can be written as the square 
of states of N — 4 theory. In other words, the S 1/(8) /?-index A - 1, 2, .., 8 can be 
split into two S 1/(4) /?-index, "a — 1, 2, 3, 4 and o = 5,6,7,8 (see for example II20I1 ). 
This square structure is most transparent in string theory where closed-string vertex 
is the the product of left- and right-hand open-string vertices. Using string theory, 
accurate relations of tree-level scattering amplitudes between gravitons and gluons are 
given in 11711 . The KLT relations express the superamplitude M„(\pi, rfi}) with total n\ 
symmetry in terms of product of two color-ordered superamplitudes M n (cr\{pi, if!}) and 



in d20n 



{puVf})' Using these relations, explicit mapping of states has also been given 



As we have mentioned in the introduction, we will not use string theory to study 
the relations between gravity theory and Yang-Mill theory. Instead we will derive and 
prove their relations in the frame of S-matrix program. To do this, let us start with the 
on-shell three point function [23] 

mhv ^(Z/IOtf) mhv <? (4) K[2|3]+^[3|1] + ^[1|2]) 

3 <1|2)<2|3><3|1>' 3 [1|2][2|3][3|1] 

for gauge theory and 
^mhv = S^HZiVTjf) m mhv ^ 8) (?y[2|3] + ^[3|l] + ^[l|2]) (g) 



for gravity. Eq. <(5j and (O are the supersymmetric generalizations of Eq. (Q]) and 
(0. However, there is one important difference we want to emphasize. Supersym- 
metry does not only group different fields together, it fixes interactions to some level. 
The most severe constraints arise in the N — 4 SYM theory and N — 8 SUGRA 
theory, where interactions are completely determined by supersymmetry. Thus super- 
symmetry adds the so called "selection rule" for non-vanishing scattering amplitudes, 
i.e., they must be S U(N) ^-symmetry invariant. In other words, comparing to the 
non-supersymmetric case, besides the familiar assumptions in our S-matrix frame, for 
supersymmetric case we have added another assumption, the supersymmetric selection 
rule. 

Having Eq. (01 and ©, we can write down the total amplitude 

# 3 (l,2,3) = # 3 4HV (l,2,3) + #'p 7 (l,2,3) (7) 

for N - 4 SYM theory and 

M 3 (U,3) = M™ V (1.2,3) + Alf™(l,2,3) (8) 

for N — 8 SUGRA theory. One important result is that 

M 3 (l,2,3) = #3(1, 2, 3)# 3 (1,2,3) (9) 

where we have used the state mapping in B20I1 that S 1/(8) index A = 1, ..., 8 split into 
S 1/(4) index 5 = 1 , 2, 3, 4 of #„ and S U(4) index a - 5, 6, 7, 8 of tt„ respectively, as 
well as the supersymmetric generalization of (0 

#f HV (l,2,3)#p F (l,2,3) = 0. (10) 

It is worth to emphasize that Eq. © unifies both KLT relations (fJJ as well as the 
vanishing identity (O for three-point amplitudes in the S-matrix frame. Then using 
the BCFW on-shell recursion relations we will generalize this result to general n, thus 
unify the results presented in fll8l Il9tl . Since most details can be found in 018lll9ll . our 
discussion will be brief. 



2.1. Super-KLT relations with manifest (n — 2)! permutation symmetries 

The super- KLT relations with manifest (n - 2)! permutation symmetries for N — 8 
SUGRA and N - 4 SYM can be written as following 

MndPhrf}-) = V &(n,y,l\iPi,Tfi})S[yWp 1 W,fi,n\{Pi,Tft}-). (11) 

*12...(n-l) y ^_ 2 

where again we have split S C/(8) index A = 1, ..., 8 into S t/(4) index a - l,2,3,4of 
tt n and S U(4) index a - 5,6,7,8 of ^„ respectively. The kinematic invariants are 
defined as sk = (Z/rr Pi) 2 for any index set K c {1,. ..,«}, and the functional S is 
defined as lfl8l[l^l 

m m 

S[h, ..., ijji, ..., ;',„] Pl = ||(*i,i + 2j ^(**> '9)^,/,), (12) 

/= 1 q>t 

where 6(i a ,ib) is 1 if i a appears after % in the sequence {ji,...,j m }, otherwise it is 0. 
The functional >S has some nice properties. For example, 

S[h,-,im\ji,-,jm] =S[j m ,...,ji\i m ,...,ii], (13) 

which ensures that Eq. ( TTTb is completely symmetric in J[ n and y\.„. More importantly, 
S has the factorization, 

S[yo-\a/3] = S[cr\a]S P [y\/3l (14) 

where P - 2, e (o-j Pi h as been put on-shell, i.e., P 2 - 0. 

Due to the appearance of on-shell singularity from Si2...(„_i) = p\, Eq. (fTTT > is well- 
defined only after regularization. The details of the regularization and concrete exam- 
ples of these relations, can be found in B18L 12511 . 



Formula (TTTb is different from the well-known KLT formula presented in |l7i 12411 
with only manifest (n — 3)! permutation symmetry. As will be shown in J250 , there 
exist a family of more compact KLT relations with manifest (n - 3)! symmetric form, 
which do not need any regularization. The original ansatz in [24] is a special case of 
these relations, and since we do not bother to write down the most general form, we 
will present only following more symmetric form 

M n aPi,rjf})= Y, &n(n-\,n,yA\{ Pi ,4})S[y\ft Px M n (\,l3,n-\M{pi,4})> ( 15 > 

where y and/? are permutations of legs 2, ..., n-2. Note that both forms of KLT relations 
for superamplitudes are the same as those for pure gluon and graviton amplitudes. 

As will be discussed in detail in |25], it is not easy to prove ( fT~5T > without assumption 
of total symmetric property, i.e., the formula ( fl3T > is in fact n\ permutation symmetric 
(or at least (n - 2)! permutation symmetric), but the relation ( TTTb is much easier to 



prove using supersymmetric BCFW recursion relations 112 ll 12611 in N — 8 SUGRA 



and N — 4 SYM(we use M„ to denote superamplitudes in both theories) 



L,R ^ 



M„ ~ ) I d U T,M L (l..,{-P,TidjaM R ({P,ri},...,n), (16) 



where as in [ 18], we have picked legs 1 and n to deform 

^l(z) = M+ zA n , A„(z) = ~A„ - zX\, TJniz) = T]n~ ZTj\- (17) 



It is worth to remind that for supersymmetric case [21], the choice of deformation does 
not depend on the helicity of 1 and n. 

As expected, the proof follows exactly the same steps as that for pure graviton and 
gluon amplitudes 1 18, 19, 25]. The only difference is that we need to replace all helicity 
sums for graviton and gluon amplitudes by Grassmann integrations for superfields. 

Now we prove both forms (fTTb and ( fTST ) of KLT relations by induction. The case 
n — 3 has been carefully discussed in previous paragraphs using only some general 
properties of supersymmetric field theory. Assuming both forms hold for any lower- 
point superamplitudes up to n - 1 point, for the n-point case, we uses Eq. (Q~6|) to 
expand both superamplitudes A„ and A„, on the R.H.S. of Eq. ( fTTb and Eq. ( fTBI l, in 
terms of lower-point superamplitudes. As discussed in J181I25I1 there are two classes of 
contributions, 

• The pole appears in only one of the amplitudes 3i n and y\.„. 

• The pole appears in both amplitudes J[„ and J[„. 



Similar to the discussions in [18], for Eq. (fTTb . when only 3\ n has the pole, we 
obtain 

(-)" xh [d 4 T 1 m n . k+1 (h,y,{-P,T}})^kaP,ri},<r,l) 

X S[ycr\p]M,PMm 



S h...(n-l) ^ S 12...k 

ocYj&M({71,h(r,i)S[cr\p]=0, 



where we have used the factorization property of S, and p is the relative ordering of 
legs 2, ..., k in/3. Similarly the contribution when only ${„ having the pole also vanishes. 
When there are poles in both amplitudes of Eq. (fTTT i. the result is, 

(_)« [d 4 r]^(h,y,{-P,Tl})^({P,r]},o-, 1) fd 4 r]Mla,{-P,r]})^({P,Tl},/3,n) 
—-!— \ J - S[ycr\a/3]- 

S \2...(n-\) yfi ^,a Sn " k S i2-k 

(-)" f.8 V &U- P > V), <r> bS[cr\a]M(l, a, [P, //}) v &{h, y, {-P, r,})Sp[y)P\${({P, nhfi, «) 



r g y W{-P,Tl),o;r)S[o\a-\W\,ct,{P,Ti)) y 

•J „r, S \2...k „« 



S ^-k J o-^ S \2...k yfi s Pk+\...(n-\) 

_ Jd s r,M k+l (l,...kA-P,T]})M n - k+l (\P, ll },k+l,...,h) 

Sl...k 

where in the first equality we have used s~ 12 k - sp k+i , n _ x) and the factorization prop- 
erty of S, and we have combined two N — 4 Grassmann integrations over rf and rf 
into a single N — 8 integration over rf^; while in the second equality we have used the 
KLT relations for lower-point superamplitudes. 

Therefore, by Eq. dT&b for N — 8 SUGRA, we have proved the validity of n- 
point KLT relations, Eq. (fTTb . For manifestly (n — 3)! permutation symmetric KLT 



relations like Eq. ([T5l l. as will be discussed in 1J25I1 . one has to consider difFerent pole 
structure, i.e., if we take 1 , n to do the BCFW-deformation, then the pole includes both 
P\,Pn-\ will be very hard to prove. For this kind of difficult pole structures, the total n\ 
permutation symmetry (or at least the (n— 2)! permutation symmetry) has been assumed 
to avoid the direct proof of this kind of poles. Although this assumption is right from 
the point of view of string theory, as far as we know, there is no direct proof in field 
theory and it will be very interesting to do that, using, for example, the BCJ relations. 
Under this assumption, by simply using Grassmanian integrations instead of helicity 
sums, a similar proof for this form ( [TBI ) of KLT relations is straightforward and we shall 
not repeat it here. 



Note that in the case of pure gluon and graviton amplitudes [18, 25], there are the 
so-called mixed-helicity terms, which have to vanish for the use of usual BCFW recur- 
sion relations. In 01911 . new gluon amplitude relations were found which include the 
vanishing results for mixed-helicity terms. In our proof using superamplitudes, these 
mixed-helicity terms are unified with normal terms in the supersymmetric BCFW re- 
cursion relations as we have demonstrated for the three-point superamplitude. As a 
result, we shall see immediately that Eq. ( fTTT i and Eq. (fTBT l encode not only KLT rela- 
tions in maximally-supersymmetric theories, but also new relations among amplitudes 
in N — 4 SYM, which are generalizations of the gluon amplitude identities in [ 19]. 

3. New relations among amplitudes in N = 4 SYM 

As mentioned before, the SYM superamplitudes &„ and J[ n can be expanded as 
polynomials of rf! and rf. (i = 1, ..., n) respectively, and the coefficients are component 
amplitudes with all possible external helicity states, or matter contents, 

n 

^» = z rK A " ({/ < }) ' (i9) 

Ut) '=1 

where /, c {5, 6, 7, 8} are 16 possible powers of rf, which are in one-to-one correspon- 
dence with 16 possible external states in Eq. (@J, For example, if /, = {{5,6,7,8], {5, 6, 7, 8], 0,0], 
then A 4 ({/,)) = A({G-,G-,G + ,G + }); for/,- = {{5, 6), 0, {7, 8], {5,6,7}, 0, {8}}, we have 
A 6 ({/,)) = A({S 56 , G + ,S n , F s _, G + , F*}). Similarly, for M n , we have, 

n 

&n = YX\rf>A n ({Ii}), (20) 

{It) '=' 

where/; c {1,2,3,4}. 

Plugging both expansions into Eq. (fTTT i and ( fT5l l. it is straightforward to see that the 
L.H.S. can be expanded as a polynomial of rfi, 

n 

Ai " = zn^' M » ((y ' |) ' (2i) 

Ui) '=1 

where 7, = /, U /, c {1, ..., 8} are 256 possible powers of rjf, corresponding to 256 
external states in the N — 8 multiplet. The component amplitudes M„({Jj}) satisfy the 



component KLT relations which directly follow from Eq. ( fTTT i 

MMJi = I, U /,-}) = V A n (n, y, l\{Ii})S\j3\y]A n (l,f3, «|{/,}), (22) 



Sl2...(n-1) ypeSn _ 



or from Eq. (fl~5T > 



M„({/i = /,• U /,■}) = J] A„(« - l,n, y, l|{/j)S&8|y]A„(l,# « - l.nlttl). (23) 
However, there are more relations in Eq. d22b and Eq. d23l than the usual gravity 



KLT relations and their matter generalizations II171I241I27H . because Af„ ({/,-}) can vanish 
even when both A„ and A„ are non-zero amplitudes. In this case, Eq. (l22l and Eq. d23l 
represent new relations among amplitudes in JV = 4 SYM. 

We now determine the sufficient and necessary conditions for the appearance of 
such relations. The key point is that the superamplitude must be invariant under the 
S U(N) /{-symmetry, as we have mentioned before. In N — 4 SYM, S 17(4) /{-symmetry 
puts a constraint on any coefficient of the r\ expansion: it is non-zero if and only 
if there are same numbers of r\ x ,rf-,if and if in that term and each of them ap- 
pear at least 2 times and at most n - 2 times (the three-point amplitude is an excep- 
tion). In other words, if we define the number of 1,2,3 and 4 in {/,} as n\,ni,ni 
and «4 respectively, then the component amplitude A„({/,}) is non-zero if and only if 
2<«i = «2 = «3 = «4 = k < n - 2. We denote this number by k, it is straight- 
forward to see that 4k is the total degree of 77 and n - 2k has the interpretation as 
the sum of helicities of n external states. Similarly A„({/,}) is non-zero if and only if 
2 < «5 = «6 = "7 = «8 ^ n ~ 2, and we denote the number by k. 

It is well known that the number k represents a component amplitude belonging 
to the N*" 2 MHV sector, and schematically we have an expansion in terms of k for the 
superamplitudes J[„, 

Jl n = 'f^A^r = AiT V W 8 + A,r HV W 12 + ... +Af^) 4 "- 8 , (24) 

k=2 

where we have used the fact that N"~ 2 MHV sector is equivalent to MHV sector, and 
we have similar expansions for tft„ in terms of k. 

Since 7, = /,■ U/,, we know the numbers of 1,2, ...8 are exactly given by ti\,..., n%in 
lull. Now given n\ — «2 — «3 — «4 — k, n^ — rid — «7 — «8 — k and 2 < k, k < n — 2, 
we conclude from S 1/(8) /{-symmetry that the necessary and sufficient condition for 
M„(\Jj}) to be non-zero is k — k. In other words, when one uses Eq. d24T > for SYM 
superamplitudes in Eq. ( TTTb and Eq. ( 115) . only those component amplitudes from the 
same sector fc = k give non-zero result, while all interference terms from k + k vanish. 
Therefore, we have seen that there are non-trivial identities among amplitudes in N — 4 
SYM from, say, Eq. dBJ 



<•- Z 



A k n {n-l,n,y, 1)5 \fi\y\A k n {\,p, »-!,«), (25) 



yfi£S„-i 



for any k + k. 

One immediate implication of Eq. (|25| ) is the identities for flipped-helicity gluon 



amplitudes [19]. There the number of positive(negative) helicity legs in gluon am- 
plitude A„ which is changed to negative(positive) helicity legs in A„ is denoted by 
n + (n~), and it was found that the L.H.S. of KLT relations using A„ and A„ vanishes 
if n + + n~ (one particular example is the mixed-helicity terms mentioned before with 
(n + ,rC~) - (1,0) or (0, 1)). Now since k — k + ri~ - n + for gluon amplitudes, one can 
see that new gauge theory identities found in [ 19] are nicely packed into Eq. 025) . 

Of course there are more identities when one includes scalars and fermions. When- 
ever we have different values for sums of helicities in A„ and A„, there is an identity 
among these amplitudes. For example, 

= J] M5,6,y,l\{S l2 ,G-,FlF + 4 ,G-,G + })S[J3\7]A6(hl3,5,6\{S 5b ,G + ,S 7S ,,F & _,G + ,F;}), 

y ficS 3 

(26) 
since the first one is an NMHV amplitude while the second is an MHV amplitude. 

Generally speaking, let us fix the k and matter content^] of the N*~ 2 MHV amplitude 
A*, thenEq. (f23T> can be considered as relations among (n— 3)! color-ordered N* 2 MHV 
amplitudes A* with any particular k + k and matter contents. It is worth to notice that 
since the sum in Eq. d25l l is over (n — 3)! basis amplitudes, we obtain a linear relation 
among these amplitudes in the basis. 

However, the above statement is not in contradiction with the statement that (n - 3) ! 
is the number of minimal basis amplitudes for gauge theory amplitudes, because for 
amplitudes in the sector k — k, the same combination gives an amplitude in N — 8 
SUGRA which does not vanish. Therefore, unlike helicity-independent relations such 
as Kleiss-Kuijf relations and BCJ relations, these relations only hold for amplitudes 
in sectors with k + k. In other words, new gauge identities tell us that although the 
helicity-independent basis consists of (ra — 3)! amplitudes, for given helicity category, it 
is possible to reduce the number of basis amplitudes further. This can be used to speed 
up the calculations of cross sections for, for example, the LHC experiments. 

Since for each given N*~ 2 MHV amplitude A k n with particular matter contents, Eq. d25l > 
gives a linear relation among (ft-3)! color-ordered N i2 MHV amplitudes A*, thus with 
different choices of k and matter contents for A„, we get different linear equations for 
same basis set A^ " MHV . In other words, for any fixed k and matter contents, Eq. d25l > 
represents a huge number of relations among these specific (n - 3)! amplitudes. Thus it 
would be very interesting to see how powerful the constraints from Eq. d25l l in reducing 
the number of independent color-ordered amplitude^ 

We use a simple example to demonstrate. For n — 5 and k = 3, there is only 
one non-trivial identity, since one can only choose k — 2 and in this MHV case all 



4 Given k, there are various N*~ 2 MHV amplitudes A* differing from each other by the matter contents of 
n particles. 

5 Given any k + k, amplitudes with different external states are related by supersymmetric Ward identities. 
A basis for component amplitudes has been found in [28], from which A k n with any matter contents can be 
obtained. We conjecture that for any 2 < k < n - 2 and k + k, there is one independent relation for each basis 
component amplitude found in 1231 



component amplitudes can be related to the gluon amplitude As({G-, G_, G + , G + , G + }). 
Amplitudes A^ MHV with any external states are also related to the googly amplitude 
A^ MHV (G + , G + , G , G-,G-). Thus we have one relation for the two basis color-ordered 
amplitudes A^ MHV (1 , 2,3,4, 5) and A^ MHV (1 , 3,2,4, 5), 

r ^ 31 + (*21 + 532)^31 1A NMHV a 7345) (27) 

(45)(52)(23)(31)(14) (45)(53)(32)(21)(14> J v ' ' ' ' ' K ' 

+ r ( ' 31 + ' 32) ' 2 ' + *l£* 1A NMHV (1 3 2 4 5) = q 

L (45)(52)(23)(31)(14) (45)(53)(32)(21)(14) J v ' ' ' ' ' 

where we have used the expression of MHV amplitude. This relation reduces the num- 
ber of independent color-ordered 5-point NMHV amplitudes to one. 

For the special case k - 2, it is straightforward to derive these new relations among 
non-MHV amplitudes explicitly. Since we have 

0= 2 A^(n-\,n,y,V)S[fi\y\A^\,p,n-\,n) (28) 

for any k > 2. Plugging the expression of MHV amplitude and using BCJ relations 
recursively, we obtain 112911 

_ n_3 

= Z FN^' + p** + ■•■ + pi 3 -' w^fa.A n - 1 < »)• ^ 29 > 

peS n -3 1=1 

where each j3 is a permutation of 2, ...,«- 2 and /?, denotes its /-th element. 



4. Conclusion and discussions 

In this short note, we studied the supersymmetric version of KLT relations, includ- 



ing the (n - 3)! symmetric version IU71 12411 and the newly discovered (n— 2)! symmetric 
version Il8lll9ll . in the frame of S-matrix program. In this frame, we do not use string 
theory or the Lagrangian definition of field theory. Besides the well-known princi- 
ples, we have added only following two assumptions: the validity of BCFW recursion 
relations and the supersymmetry. 

Our main results are two formulae (fTTl i and (TT~5T >. The advantage of going to super- 
symmetric version is now we unified supersymmetric KLT relations 1 18] and the newly 
discovered gauge theory identities [19] into one frame and produced more vanishing 
identities involving the scalars and fermions. As we have discussed at the end of pre- 
vious section, these new identities imply further reduction of number of helicity basis 
of various amplitudes. One obvious project is to study how many linearly independent 
relations we can obtain from these new identities. 

The main reason that we can have a unified picture in the frame of S-matrix pro- 
gram is that one extra assumption, i.e., the supersymmetric selection rule, has been 
added. As we have emphasized in previous sections, the added supersymmetry fixed 
the interactions among scalars, fermions, gauge bosons and gravitons, thus it is a very 
strong extra condition. This is the price we need to pay for having the unified pic- 
ture. Amazingly, for tree-level amplitudes of pure gluons or pure gravitons, results are 
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the same with or without the supersymmetry. This is why we can lift the theory to 
the supersymmetric version and then infer their properties. In other words, gluon and 
graviton know supersymmetry somehow. For scalars and fermions, with or without 
supersymmetry will have huge differences, so their discussions will be more difficult. 
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